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EXERCISE 5.1: POLYNOMIAL ACTION (3P)
In the lecture we derived the action of a point particle with mass m in a potential V:
B
Slx, x| = / (—mc\/—'r]m,:i:“a':” + V(x)) dr
TA

Some theorists do not like this action because of the nasty square root. They would rather
prefer a polynomial action. In this exercise let us study the following polynomial action

S[x, %, €] = / P Lk x,€) dr = / v (%a‘:m - 5"‘2202 + V(x)) dr,

where £(7) is an additional independent function.

(a) Compute the variation 05 = 0 with respect to dxz* and §¢ and derive the corre-
sponding equations of motion.

(b) Insert the solution for £(7) into the other equation of motion and show that we get
the same results as for the ordinary action (see lecture notes).

EXERCISE 5.2: STRING THEORY (9P)

So far we have understood the physics of a relativistic particle. Ny
Such a particle is a zero-dimensional object which moves on a
one-dimensional world line parameterized e.g. by A — x(\).
For the action we have simply chosen the line integral over the
relativistic length element ds = \/—x,2# dA.

Let us now do string theory. A string is a one-dimensional object
which moves on a two-dimensional world sheet parameterized

two parameters, e.g. by A1, A% = x(A1, \?). ’ e

(a) As usual, the relativistic line element in the embedding
space Rgyq is ds* = 7, dz* dz”. On the world sheet the
corresponding line element can be expressed as ds? = g;; d\*dN, where the Latin
indices run over 1,2 and where the metric g;; depends on the position on the world
sheet. Give a general expression for g;;.
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(b) Prove: In the ordinary Euclidean R™ an infinitesimal area element dA spanned by

two vectors d@ and db is given by dA = \/( d@ - d@)(db - db) — (da - db)2.
(c) Guess an analogous formula for the area element spanned by da and db in the
3-+1-dimensional Minkowski space.

(d) Let da and db be the displacements on the world sheet due to a variation of the
parameters by dA! and d\2, respectively. Show that the area element is given by
dA = /]g| A\t dN\?, where g is the determinant of g;;.

(e) The Nambu-Goto action is defined as being proportional to the area of the sheet
Sng = —T / dA

where T' > 0 is a coupling constant (string tension). In a given parameterization of
the world sheet, this action can be expressed as

Sye = /,cNG( B0 A%EY) AN ax,

AQ

Determine the Lagrange density Ly¢.

(f) Analogous to the particle momentum p,, = 8876” the string momentum is defined as
i 8»CNG
HH - o oxk\ -
(5)

As there is no potential, the equations of motion are then simply given by @HL = 0.
Show that these classical equations of motion are equivalent to the analog of the
wave equation [z# = 0, where [ is the so-called Laplace-Beltrami operator:

1 g
Oz" =0, O0=——=0,v|gl9"0;
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Hint: ¢% is the inverse matrix of g,;.

String theorist often prefer a different action, namely, the Polyakov action
(2) g y
Sp = ——1 / dAtd)\? |g] g" 0;xt0;2"n
4o ! I .

This action is sometimes easier to handle since it is polynomial in the coordina-
tes (no square root). Show that this action renders exactly the same equations of
motion.

(2 = 12P)

Please submit your solution as a single pdf file via WueCampus. Deadline is Friday, May 21 at 12:00.



